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Abstr act- Sequential search algorithms of the type
predicated in conservation theorems are studied in their
own r ight. Wi th representation of functions as str ings,
the sets of test functions and search results are identical.
This allows sequential search algorithms to be treated as
operators on distr ibutions on functions. Cer tain distr i-
butions, refer red to as block uniform, are fixed points
for all algorithms. Sequential search preserves the iden-
tity of the nearest fixed point and the Kullback-Leibler
distance to that point. In practice, distr ibutions of test
functions are not block uniform, and conservation prop-
er ties hold to a degree that depends upon distance to the
nearest fixed point. Randomized sequential search is also
analyzed. Here the search operator generally moves the
distr ibution closer  to the nearest fixed point, reducing
the potential for poor quality by some measure.

I .  INTRODUCTION

Although it is formally correct to say there is no free

lunch in sequential search, to say the same when search is

applied to optimization is misleading. When performance is

defined as a function of observed values, no algorithm is

generally superior or inferior to any other [1-2]. But per-

formance says little about computation time. Equating opti-

mization performance with computation speed amounts to

counting evaluations to measure time and assuming that all

algorithms run in linear time. But there are large differences

in time complexity of search algorithms, and the claim that

none is generally inferior to others holds only because the

definition of optimization performance gives slow algo-

rithms lunch discounts.

Optimization is the most important application of search,

and if it is misleading to say there is no free lunch in that

domain, the characterization is generally dubious. Much

more in sequential search than “no free lunch” must be ad-

dressed to obtain results useful in analysis of evolutionary

algorithms, and the present work continues the general in-

vestigation of [3]. It happens that “not no free lunch” is al-

ways the case in the world [3]. This is equivalent to “lunch

discounts for some, lunch surcharges for others” (Section

III). It is less awkward to revert to older terminology and

say that quality is conserved to some degree [14]. Similarly,

what has been called performance is referred to as quality to

reduce confusion. The issue of how best to address compu-

tational performance is left for future work.

A. What Is a Sequential Search Algorithm?

The scenario is that a finite test function is drawn ac-

cording to some random distribution, and a sequential

search algorithm evaluates, or visits, every point in the do-

main exactly once. Each decision on which unvisited point

to visit next is made on the basis of values observed at pre-

viously visited points. The complete sequence of observed

values is the search result.

Although the equivalence is not proved here, it is useful

to think of a deterministic search algorithm as using a deci-

sion tree of the type shown in Figure 1. For each path from

root to leaf, the node labels give the order in which domain

points are visited, and the edge labels give the order in

which values are observed. No two paths have the same se-

quence of edge labels, and there is a distinct path for each

function. It follows that a deterministic search algorithm

brings test functions into one-to-one correspondence with

search results. A randomized search algorithm executes a

randomly selected deterministic algorithm.

A search algorithm has no intrinsic purpose. The objec-

tive is reflected in a quality measure on search results.

Search algorithms with very different time and space re-

quirements can give the same search result, and thus have

the same quality by all measures.

B. Sequential Search in Evolutionary Computation Theory

The proof of the first no free lunch theorem shows that all

deterministic sequential search algorithms have identically

distributed results when the distribution of test functions is

Figure 1. Decision tree for functions from {1, 2, 3} to {0, 1}. Representing

functions as strings of values f(1)f(2)f(3), f0 = 000, f1 = 001, …, f7 = 111.

Each leaf is labeled with the function on which it is reached. Reading edge
labels from the root to the leaf labeled f5 = 101, the search result is 011.



uniform [1]. Quality by any measure is conserved in the

sense that an algorithm’s superior quality on one subset of

functions is offset by inferior quality on the complement.

No algorithm has generally superior quality of any sort.

An evolutionary algorithm may be converted to a deter-

ministic sequential algorithm [1-2]. Neither the evolutionary

algorithm nor its model runs faster than a simple enumera-

tion of the domain. It follows that both quality of results and

computation time of the model are not generally superior to

those of the enumerator. The theoretical framework pro-

vides no way to argue that an evolutionary algorithm is gen-

erally inferior in computation time to the enumerator.

C. Overview

For conversion of evolutionary algorithms to sequential

search algorithms to be useful in analysis, the issue of how

to account for computational costs, in particular those asso-

ciated with revisited points, must be addressed. This is rele-

gated to future work, and here the concern is simply to un-

derstand sequential search better.

It is convenient to represent functions as strings of values.

For instance, the following function from {1, 2, 3} to {0, 1}

n 1 2 3
f(n) 0 1 0

has a natural description as y = 010. Now if a search algo-

rithm s visits each of the points exactly once, then the search

result is a permutation of y. So if s implements the decision

tree in Figure 1, where f2 !  y, the search result s(y) = 100. A

search algorithm maps functions to permutations of them-

selves. Other attributes, including invertibility, of the map-

ping are proved in [3].

Continuing with the example, s(y) = 100 !  f4, another

function. The set of test functions is closed under permuta-

tion, and the set of search results is precisely the set of test

functions. Similarly, the space of probability distributions of

search results is precisely that of test functions. For a given

distribution p of test functions, the search algorithm s fully

determines the distribution of search results ps = p  o s
-1

,

where o denotes composition of functions. This says that the

probability of a search result is the probability of its unique

preimage under s. The algorithm is naturally regarded as an

operator in the space of distributions. Continuing with the

previous example, and assuming p(010) = .5,

ps(100) = p o s
-1

(100)

= p(s
-1

(100))

= p(010)

= .5

For each distribution p there is a unique block uniform

distribution 

!  

p  (defined in Section III). Note that in 

!  

p s
composition takes precedence over “bar.” The divergence of

p, denoted D(p), is an information-theoretic distance from p

to 

!  

p . Deterministic search preserves divergence and the

block uniform distribution, with D(ps) = D(p) and 

!  

p s = 

!  

p 
for all algorithms s (see Figure 2). It follows that for a block

uniform distribution of test functions p = 

!  

p , all determinis-

tic search operators s yield 

! 

p s = 

!  

p . Conservation is abso-

lute at such fixed points in the space of distributions, in the

sense that all sequential search algorithms have identically

distributed results. It is natural and useful to say that the de-

gree of conservation decreases as the divergence increases.

But it is actually the degree to which quality by all measures

is conserved that decreases. There are distributions with

nonzero divergence for which quality by a particular meas-

ure is conserved.

Except when the domain is small, the descriptions of

most functions are too large to occur in the world, even with

maximal compression. Previous work has established that a

distribution assigning positive probability to all and only

compressible functions is not block uniform [3]. The diver-

gence is unknown, but it is clear that for realistic distribu-

tions conservation is not absolute in deterministic search.

See [5] for similar considerations.

In the case of a randomized search algorithm, the distri-

bution of search results is a mixture of the distributions of

search results for the deterministic algorithms. The block

uniform distributions are still fixed points, but they are now

attractive. That is, the randomized search operator generally

moves distributions closer to fixed points. The fundamental

reason for this is that the mixture has higher entropy than

the individual distributions. It is possible to obtain random

walks of the function domain with randomized search, and

in this extreme the result distribution is the fixed point.

Randomization is a hedge, reducing the maximum possible

goodness or badness of the quality distribution.

D. Organization of the Paper

The following section states the essentials of functions

and deterministic search (derived in [3]). Section III devel-

ops deterministic search as an operator on distributions of

functions (results in subsections A and B are derived in [3]).

Section IV does the same for randomized search. Sections V

and VI give discussion and conclusions, respectively. More

involved derivations are placed in the appendix.

!  

p 

p

ps
pt

Figure 2. Divergence of distribution p of test functions is preserved in the

distributions of search results for all deterministic search algorithms s and t.



I I .  DETERMINISTIC SEARCH

A. Functions as Strings

Test functions from X = {1, …, N} to finite set Y are rep-

resented as strings y in Y = YN
, with yn the value at point n

"  X. The elements of the domain and codomain are called

points and values, respectively. The present work requires

only finitude of the codomain, but if optimization were ad-

dressed, the codomain would be a partially ordered set.

B. Search as Permutation Through Sequential Decisions

Any s: Y# Y is a deterministic search algorithm. For s(y)

= w , y is the test function and w  is the search result. As

noted in the introduction, s permutes test functions in accor-

dance with some decision tree, and s is a one-to-one corre-

spondence. Let S be the set of all deterministic search algo-

rithms.

C. Partition of the Set of Functions

For all y "  Y, let block

[y] = {w : w is a permutation of y}. (1)

The set of all blocks

$ = {[y] : y "  Y} (2)

is a partition of Y. Every test function is in exactly one block

of $, and s(y) "  [y] for all y in Y because search algorithms

map functions to permutations of themselves. Also, s([y]) =

[y], or s is not onto Y. It follows that s can be partitioned

into one-to-one correspondences, one for each block of $.

The relationship between the partition of the set of test

functions and the search algorithm is illustrated in Figure 3.

I I I .  HOW DETERMINISTIC SEARCH OPERATES
ON DISTRIBUTIONS

A. Probability Distributions on Functions

Let P be the set of all probability distributions on the

functions Y. For each distribution p in P, let

!  

p[ y] = p(w)
w" [y]
# (3)

for each [y] "  $. The value of p[y] is the total probability

mass allocated by p to functions in [y]. The block uniform

distribution of p is

!  

p (y) = p[y] / |[y]| (4)

In 

!  

p , the probability mass of each block is allocated evenly

among all functions in the block.

For all p and q in P, write p !  q to indicate that 

!  

p  = 

!  

q .
That !  is an equivalence relation on P follows immediately

from the definition. Then

[p] = {q : q !  p} (5)

denotes the equivalence class of p, and the set of equiva-

lence classes {[p] : p "  P} is a partition of P.

B. Search as an Operator on Probability Distributions

A search algorithm is an operator in the space of prob-

ability distributions on functions, transforming the distribu-

tion of test functions into the distribution of search results.

When the distribution of test functions is p, the distribution

of search results for algorithm s in S is ps = p o s
-1

. This op-

eration is invertible, with ps o s. = p.

Figure 4 shows how the search algorithm of Figure 3

transforms p into ps. The probability of obtaining y as a

search result, ps(y), can be found by tracing the arrow back-

ward from y to the test function w = s
-1

(y). The probability

of y is the probability of w, p(w) = p(s
-1

(y)) = p o s
-1

(y).

Each class [p] is closed under deterministic search. That

is, no algorithm s shifts mass from one block to another, and

s(y) "  [y] for all y in Y implies p[y] = ps[y] for all y in Y .

Thus 

!  

p  = 

!  

p s and ps "  [p] for all s "  S.
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Figure 3. A deterministic search algorithm s is a union of one-to-one corre-

spondences on the blocks of partition $. The mapping depicted here corre-

sponds to the decision tree in Figure 1. 0
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Figure 4. Here the deterministic search algorithm s of Figure 2 operates on

the distribution of test functions p to yield the distribution of search results

ps. The fine lines in second block indicate the mean probability of the

block.



C. Entropy and Cross Entropy

Let lg x denote the base-2 logarithm of x. The cross en-

tropy of p and q in P is

!  

H (p || q) = " p(y) lgq(y)
y
# . (6)

With p fixed, H(p || q) is minimized by setting q = p. The

resulting H(p || p) is the self entropy of p, commonly notated

H(p) and termed entropy [6].

In the case of block uniform q = 

!  

q ,

! 

H (p || q ) = H (p || q )

" H (p || p )

= H (p ) (7)

with equality if only if 

!  

q  = 

!  

p  (see Theorem 1 in the appen-

dix for justification of the first equality). This implies that

all distributions q in [p] have identical cross entropy of

H(q || 

! 

p ) = H(

!  

p ). (8)

No choice of block uniform distribution other than 

!  

p  gives

lower cross entropy because 

!  

q  = 

!  

p .
The entropy of a block uniform distribution is

!  

H (p ) = " p[y] lg p (y)
[y]# $
% (9)

(see Theorem 2 in the appendix).

H(p) achieves its minimum of zero if and only if p(y) = 1

for exactly one function y. Similarly, p is a minimum-

entropy element of [q] if and only if p(w) = q[y] for exactly

one w in each block [y] of functions. That is, to minimize

the assign the mass of each block to exactly one function

with the block. Omitting the zero summands in (6), write

!  

min
q" [ p]

H (p) = # p[ y] lg p[ y]
[y]" $
%

= H (p[&]), (10)

and the minimum entropy is that of the block distribution

shared by all members of [q].

D. Deterministic Search Preserves Entropy

For all search algorithms s the entropy of the search result

distribution ps is

!  

H (ps) = p(s" 1(y)) lg p(s" 1(y))
y# Y
$

= p(y) lg p(y)
y# s" 1(Y)
$

= H (p) (11)

because s
-1

(Y) = Y. In short, deterministic search preserves

the entropy of the function distribution.

E. Deterministic Search Preserves Divergence

The Kullback-Liebler distance from p to q is

D(p || q) = H(p || q) – H(p). (12)

This “distance” is not symmetric, and the triangle inequality

does not hold. But it is non-negative, with D(p || q ) = 0 if

and only if p = q [6].

Let D(p) denote D(p  || 

!  

p ), the divergence of p  (from

block uniformity). From (8),

D(p) = H(

! 

p ) – H(p). (13)

That D(p) is positive except when p = 

!  

p  implies that 

!  

p  is

the unique maximum-entropy element of [p]. D(p) is maxi-

mized when H(p) is minimized, and from (10)

!  

min
q " [ p]

D(q) = H (p ) # H (p[$]). (14)

Because the block uniform distribution is defined in terms

of the block distribution, it is possible to write the right-

hand side strictly in terms of one or the other. Rewriting

H(

!  

p ) according to (9) gives

!  

H (p ) " H (p[#]) = p[ y] lg p[ y] " p[ y] lg p (y)
[y]
$

= p[ y] lg p[ y] / p (y)
[y]
$

= p[ y] lg[ y]
[y]
$ . (15)

Here the maximum divergence is expressed purely in terms

of the block distribution and the block sizes.

Because 

!  

p s = 

! 

p  and H(ps) = H(p) for all deterministic

search algorithms s,

D(ps) = D(p) (16)

for all s in S. Because D(

! 

p ) = 0, 

!  

p s = 

!  

p  for all s in S, and

!  

p  is a fixed point for all s in S. It is also the case that p is a

fixed point only if p is block uniform [3]. By (16), fixed

points are not attractive in deterministic search.

Referring again to Figure 2, 

!  

p  is the center of [p] because

it has the maximum entropy of any member of the block.

The divergence of p is the absolute difference of its entropy

and the entropy at the center. Distribution p and all results

of applying deterministic search operators to it reside in a

hyperspherical shell with 

!  

p  at the center. If the entropy of p

is maximal, the shell collapses to the center point. The out-

ermost shell contains distributions that minimize entropy by

assigning the entire mass of each block in $ to a single

function in the block.



F. Divergence of Uniform Distribution on K Functions

Most test functions are of such high Kolmogorov com-

plexity [7] that they cannot occur in the world, and it is thus

interesting to define p uniform on a set of functions of real-

istic complexity [8]. It has been established that p is not

block uniform [3], but a simple expression for the diver-

gence has not been derived.

 Generalizing, if p is uniform on any subset of K func-

tions, then

!  

D(p) =
n[ y]
K

lg
n[ y]
[ y][y]" #

$ , (17)

where n[y] is the number of functions in [y] assigned posi-

tive probability by p (see Theorem 3 in the appendix). The

divergence is zero if and only if for each block [y] either

n[y] = 0 or n[y] = |[y]|. Equation (17) anticipates estimating

n[y] in terms of |[y]|.

Except in trivial cases, there is a block in which the Kol-

mogorov complexity of functions ranges from very low to

very high [3]. Consider y = 0
n
1

N-n
, where n = %N  / 2&. That

the block [y] contains a function of very low complexity is

evident in the definition of y. Yet most functions in [y] have

complexity close to N bits [12]. To obtain n[y] = 0 or n[y] =

|[y]| requires that the complexity threshold be set unrealisti-

cally low or high.

IV.  HOW RANDOMIZED SEARCH OPERATES ON
DISTRIBUTIONS

A. Randomized Search

A randomized search algorithm is a random variable

taking on values from the set of deterministic search algo-

rithms. Its distribution is independent of the distribution of

test functions. For randomized search algorithm X , the

search result is X(y) = s(y) when X = s. Let '  denote the

distribution of X, and let p be the distribution of test func-

tions. Then the search result distribution for X is

!  

q(y) = " (s)ps (y), y # Y .
s# S
$ (18)

B. Randomization Decreases Divergence

Because q is a mixture of distributions in [p], it follows

that 

!  

q  = 

!  

p  and q "  [p]. Thus (8) applies, and H(q || 

! 

p ) =
H(

!  

p ), and cross entropy is preserved in randomized search

as in deterministic search.

By concavity of the entropy functional [6],

H(q) (  H(p) (19)

with equality only in the degenerate case of ' (s) = 1 for

some s in S. That is, randomization increases the entropy of

and decreases the divergence of search results, with

!  

D(q) = H (p ) " H (q)

# H (p ) " H (p)

= D(p). (20)

Except when X is equivalent to a deterministic algorithm,

randomization moves the distribution of functions toward

the maximum-entropy center of the block. Thus block uni-

form distributions are attractive fixed points.

C. Random Walk Gives Block Uniform Results

There is a randomized search algorithm that for every distri-

bution p of test functions gives the maximum entropy distri-

bution of search results, q = 

!  

p . Let J )  S be the set of all

deterministic search algorithms that are constant permuta-

tions. J has N! elements, each of which visits domain points

in a fixed order. Now let the distribution of X be uniform on

J. This randomized search algorithm yields random walks of

test functions [9], and the result distribution is q  = 

!  

p  (see

Theorem 4 in the appendix).

V.  DISCUSSION

A.  Topology of the Space of Search Distributions

Each set [

!  

p ] contains hyperspherical shells comprising

distributions that can be transformed into one another by

deterministic search. A shell contains a finite number of

distributions. Across all search algorithms, all permutations

occur equally often, and it follows from Theorem 4 that the

mean of distributions in a shell is 

!  

p . In general, [

!  

p ] is un-

countable, because the shell radius (divergence) ranges over

a continuum. It is surmised that the shells sharing a given

positive radius are also uncountable.

B. Decision Trees Are Compressed in Search Programs

Almost all descriptions of decision trees are incompressi-

ble or nearly so. The node and edge labels on a single path

from root to leaf specify a function (Figure 1), and the Kol-

mogorov complexity of almost all decision trees is much

greater than that of any function. Thus the fraction of deter-

ministic sequential search algorithms that can occur in the

world is even smaller than the fraction of functions that can.

When quality is conserved, some algorithms are vastly

superior to others in time requirements. A simple theoretical

response is to restrict algorithms to those that run in linear

time. Every tree has a linear-time implementation, provided

the tree is used without compression. But compression is

essential in practice. Some trees have compact implementa-

tions that accomplish decompression in linear time. For

some other trees the only compact implementations run in

super-linear time due to slow decompression.

Differences in time complexity among practical search

programs are inescapable. Restricting attention to determi-

nistic sequential algorithms with compact linear-time im-

plementations may be useful for some analyses.



C. Randomization and Kolmogorov Complexity

In practice, search programs have low complexity. That

is, the parts that actually “do the work” can be compressed

into few bits. But the difference in complexity of the test

function and the search result cannot exceed the greatest

complexity of any permutation applied by the program (this

sharpens a result of [12]). Thus when the test function is not

low in complexity, a practical program preserves approxi-

mately in the search result the complexity of the function.

The formal treatment of randomized search has assumed

a random selection of the deterministic algorithm. In prac-

tice, a deterministic algorithm is selected indirectly by ran-

domly seeding the pseudorandom number generator of a

search program. The program uses pseudorandom numbers

generated by a deterministic algorithm to execute a determi-

nistic search.

It is important to understand that such randomization adds

very little to the complexity of the program. The seed is

commonly 64 bits in length, and the pseudorandom number

generator has a very short implementation. While the pro-

gram may implement on different seeds many distinct deci-

sion trees, there is no reason to assume that the number is

2
64

. The complexity of the set of implemented trees cannot

exceed the complexity of the program. If the sum of the

complexity values for the trees exceeds the complexity of

the program, it is because of mutual information in the trees

[6]. There may appear to be a wide range of trees obtained

by randomization when the trees in fact “overlap” to a high

degree. That is, the description of one tree can be used to

give short descriptions of others.

A deterministic program that takes random walks when

the seed is appropriately distributed has much higher Kol-

mogorov complexity than one might suppose. It can be

shown that the complexity is on the order of that to describe

an incompressible permutation of the domain, * (lg N!) bits.

If the domain is, for example, the 64-bit integers of some

computer, the program must be at least 135 million tera-

bytes in size. Thus it is nontrivial to obtain random walks

with a randomly seeded deterministic program.

D. Randomization as a Hedge

When quality is not strictly conserved, a given sequential

search algorithm may have quality that is generally superior

or generally inferior to that of others. Unless one has some

knowledge of the appropriateness of the algorithm to the

distribution, using it is simply a gamble. One really has no

reason to expect quality better than that at the fixed point.

Even if one does have reason to believe the algorithm is

somewhat suited to the distribution, there may remain some

uncertainty as to how well it will perform. Thus using the

algorithm is still a gamble, though with better odds.

Randomization may be regarded as a means of hedging

bets on the quality of algorithms. This perspective does not

make sense for a single run of a randomized algorithm,

which is a gamble on one randomly chosen deterministic

algorithm. But when the randomized algorithm is run a

number of times, it yields a distribution of results that is

closer to the fixed point than the distribution of results for

any single deterministic algorithm. The extremes in possible

quality are eliminated with a random walk.

In short, randomization does nothing to improve search

quality in single runs. It reduces the risk of generally infe-

rior quality over a number of runs by sacrificing the possi-

bility of generally superior quality. When applying search

algorithms without good understanding of how they match

the problem distribution, this is a prudent strategy.

E. Conservation, Not “No Free Lunch”

Strict conservation is a special case of a more general

property of sequential search. The general property is that

search does not increase divergence from block uniformity.

The term “no free lunch” engenders a bias toward crisp

analysis rather than acknowledgement that divergence is

graded. Furthermore, theoretical work has identified various

conservation properties that no one would reasonably call

“no free lunch.” There are, for instance, conservation results

for entropy [15] and Kolmogorov complexity [12] in se-

quential search.

F. Necessary and Sufficient Conditions for Conservation

A distribution of functions such that the distributions of

values at all points are identical and independent is suffi-

cient for strict conservation [9]. Block uniformity follows

from the fact that all permutations of a function have identi-

cal probability when values are iid. The set of distributions

of this type is uncountable.

A uniform distribution on a set of functions closed under

permutation is also sufficient for strict conservation [10].

Block uniformity follows from the fact that only a union of

blocks in $ is closed under permutation. The set of distribu-

tions of this type is finite.

Neil and Woodward [11], Igel and Toussaint [13], and

English [3] have discovered independently within the past

year that a block uniform distribution is necessary and suffi-

cient for strict conservation.

G. Future Work

Derivation of results allowing some reasonable handling

of computational complexity is vital. Meaningful statements

about optimization depend critically upon this.

The long-term objective is to use sequential search algo-

rithms as probably close approximations of evolutionary

algorithms, giving results complementary to those of

Markov chain analysis [4]. The difference between sequen-

tial search and evolutionary algorithms may be less than it

seems. Generating a sequence of observed values in a par-

allel algorithm procedure poses no difficulty [1-2]. Ran-

domization has been addressed here. The only remaining

mismatch is that points are revisited in the evolutionary al-

gorithm.

To obtain probably a close approximation of evolutionary

algorithms, one must keep the expected number of revisited

points small for a realistic number of generations. The time



and space spent keeping the number of revisited points low

should be linear in the number of distinct points visited.

This strongly suggests storage of recently visited points in a

hash table. The approach succeeds if the number of revisited

points is probably low for as many generations as the algo-

rithm is likely to run in practice. Some forms of evolution-

ary computation are more amenable to approximation than

others. The simple genetic algorithm, with its propensity for

stagnation, is a poor candidate for modeling. Evolutionary

algorithms relying heavily on mutation, as well as genetic

algorithms with real-valued alleles and high mutation rates,

are good candidates.

To pursue this end it is important to adapt the results of

[3] and the present work to the case in which the algorithm

terminates after visiting n < N points. A key difficulty is that

non-exhaustive search algorithms map the test functions Y =

YN
 onto search results Yn

, and the mapping is not one-to-

one. The preimages of search result w in Yn
 generally come

from multiple blocks of $, and the non-exhaustive algorithm

appears not to have the block structure exploited here. An-

other problem is that the spaces of distributions of test func-

tions and search results are disjoint, and the formulation of

search algorithms as operators given here will have to be

modified.

A block uniform distribution is necessary and sufficient

for conservation of quality by all measures. But there exist

distributions for which quality is conserved by some meas-

ure, but not by all. The question of what, if anything, can be

said in general about such a circumstance deserves to be ad-

dressed.

VI.  CONCLUSION

Sequential search, both deterministic and randomized, has

been addressed in its own right. There is a great deal more

to the theoretical treatment than the circumstances under

which strict conservation of quality obtains. The generaliza-

tion of strict conservation to graded conservation is just one

aspect of the theoretical treatment of sequential search. Is-

sues more important than conservation, at present, are ex-

tension of the results to non-exhaustive search and treatment

of computational complexity. If this can be accomplished, it

should be possible to address theoretically some evolution-

ary algorithms for runs that are not too long.

Although nontrivial problems stand in the way of satis-

factory application of the theory to evolutionary computa-

tion, valuable results have emerged from this work. In par-

ticular, it is useful to know the effect of randomization upon

the distribution of search results, as well as the interpreta-

tion of randomization as a hedge. And consideration of

which decision structures are sufficiently compressible for

practical implementation and how much time it takes to de-

compress them is appropriate in the context of evolutionary

computation, even though the decision structures are not de-

cision trees.
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APPENDIX

Theorem 1. Let p and q be distributions in P. Then

H(p || 

! 

q ) = H(

!  

p  || 

!  

q ).

Proof.

! 

H (p || q ) = " p(y) lgq (y)
y
#

= " p(w) lgq (w)
w$[y]
#

[y]
#

= " lgq (y) p(w)
w$[y]
#

[y]
#

= " p[y] lgq (y)
[y]
#

= " [y] p (y) lgq (y)
[y]
#

= " p (y) lgq (y)
y
#

= H (p || q )

Theorem 2. Let p be a distribution in P. Then

! 

H (p ) = " p[ y] lg p (y)

[y]#$

% .

Proof.

H(

!  

p ) = H(

!  

p  || 

!  

p ). By the fourth step of the derivation in

Theorem 1,

!  

H (p || p ) = " p [ y] lg p (y)
[y]
# .

It follows immediately from the definition of 

!  

p  that 

!  

p [y] =

p[y].

Theorem 3. Let p be a probability distribution on Y. For

each [y] in $, let n[y] be the number of functions y in [y]

such that p(y) > 0. Then

!  

D(p) =
n[ y]
K

lg
[ y]

n[ y][y]" #
$ ,

where

!  

K = n[ y ]
[y ]" #
$ .



Proof.

By equation 13, D(p) = H(

!  

p ) – H(p), and

!  

H (p) = " p(y) lg p(y)

y# Y
$

= " p(w) lg p(w)

w# [y ]
$

[y]# %
$

= " p[w] lg
1

K
[y]# %
$

=
n[ y]

K
[y]# %
$ lgK .

By Theorem 2,

!  

H (p ) = " p[ y] lg p (y)
[y]# $
%

=
n[ y]
K

lg
K [ y]

n[ y][y]# $
% .

Taking the difference,

!  

H (p ) " H (p) = "
n[ y]
K

lg
K [ y]

n[ y]
" lgK

# 

$ 
% 

& 

'  
( 

[y]) *
+

=
n[ y]
K

lg
[ y]

n[ y][y]) *
+ .

Theorem 4. Let J )  S be the set of all deterministic search

algorithms that are constant permutations. If randomized

search algorithm X is uniform on J, then q = 

!  

p .

Proof.

Let '  be the probability distribution of X, with ' (j) = 1 /

N! for all j in J. For any y in Y there are N! / |[y]| permuta-

tions j in J such that j(w) = y for some w in [y]. Thus for all

y in Y

!  

q(y) = " ( j) p j (y)
j # J

$

=
1
N!

p j (y)
j # J

$

=
1
N!

%
N!
[ y]

p[ y]

= p (y).
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